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Abstract

The purpose of this thesis is to investigate n-absorbing ideals of a com-
mutative semiring S, a generalization of the concept of n-absorbing ide-
als over commutative rings. An ideal I of a commutative semiring S is
called n-absorbing ideal of S if and only if whenever x1,---,x,,; € S and

X1..-X,41 € I, then a product of n of these elements is in I.
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1 Introduction

Semirings are an algebraic structure that are thought of as generalization to rings.
Semirings have found their way to some real life applications, mostly in com-
puter science, though not restricted to that.

Throughout this thesis we assume all semirings are commutative semirings
with unity 1 # 0. the first formal definition of a semiring is found [1]. This
structure became later known as a semiring.

In 1958, Henriksen [2] introduced k-ideals (subtractive ideals) in her PhD
thesis. This type of ideals comes to our aid since we do not have the luxury of
the cancellation law for addition as we will see in this paper.

Badawi first introduced the concept of 2-absorbing ideals in 2007 [3]. Since
then it has been investigated in more details and in further algebraic structures.

In 2012, Darani [4] took the concept of 2-absorbing ideals and worked on it
on commutative semirings. In 2012 Ghaudari [5] studied the 2-absorbing ideals
in commutative semirings and introduced some of its properties in the quotient
semiring and polynomial semiring.

In 2011 Badawi and Anderson published a paper on n-absorbing ideals in
commutative rings, which are a generalization to the concept of 2-absorbing ide-
als, and studied it in details. The idea of n-absorbing ideals itself can be thought
of as a generalization of prime ideals. Prime ideals become 1-absorbing ideals by
definition as we will see.

L. Sawalmeh studied 2-absorbing ideals over commutative semirings in her
thesis under the supervision of Mohammed Saleh (Who is also my supervisor)

which was published [6]. Also, I. Murra studied Weakly 1-Absorbing Primary



Ideals over Commutative Semirings in [7].

In this thesis we will study n-absorbing ideals over commutative semirings.
In chapter 2, we give the definitions and results that will be needed this thesis.
In chapter 3, we study n-absorbing ideals over commutative semirings which is
a generalization to results studied in [8].

To clarify, all results obtained in this thesis are generalizations of results in

[8].



List of symbols

z

The semiring of natural numbers

The ring of integers

Commutative semiring with unit (wherever un-
specified)

the principal ideal generated by n

The ideal generated by n and m

the polynomial semiring over a semiring

the set of members of S having an additive in-
verse

the set of members of s having a multiplicative
inverse

the radical of an ideal I

the nil radical of an ideal I

the set of all zero divisors of a semiring S



2 Preliminaries

Definition 2.1 (Semigroup) A semigroup is an ordered pair (M, *) where M is a

set and * is an associative binary operator on M.

Definition 2.2 (Monoid [1]) A Monoid is a semigroup (M,*) with an identity

elemente € M such thatesm=mxe=mVYme M.

Example 2.3 The set of positive integers Z* with usual addition is an example
of a semigroup but not a monoid. The set of non-negative integers IN with usual

addition is a monoid.

Definition 2.4 (Commutative monoid) A commutative monoid (Also called an

abelian monoid) is a monoid M in which ab = ba for all a,b € M.

Remark 2.5 Given a semigroup M that is not a monoid we can embed an element
e into M and define its multiplication by exx = x*e = x for all x € M to get a

monoid.

Definition 2.6 (semiring [1]) A semiring is an ordered tuple (S, +,.) where the
following holds :

1. (S,+) is a commutative monoid with additive identity 0.
2. (S,.) is a monoid with multiplicative identity element 1.
3. x.(v+z)=xy+xzand(y+z).x=yp.x+zxVx,p,z€S.

4 0.x=x.0=0VxeS.



5. 1=+0.

All of the above definitions are defined as in [1].
The concept of semirings generalizes the concept of rings which is widely

studied in the literature. So naturally, any ring is a semiring.
Example 2.7 IN with the usual addition is a semiring but not a ring.

Example 2.8 Another example of a semiring is the tropical semiring (RU{oo}, ®,®),
where x ®y = min{x,y} and

XQy = x+7Y is the usual addition on R, and co ©y = y© 00 = 00, 0Py = yPoo =
1, Yy € RU {oo}.

Example 2.9 The product of two semirings is also a semiring. If (S,+g,s) and
(T,+7,-7) is a semiring we can define (S x T,+,-) where (a,b) + (¢c,d) = (a +s
c,b+rd)and(a,b)-(c,d)=(a-sc,b-rd)

Similarly, one can define the product of n semirings inductively by defining

SlX"'Xsn:(51X"'XSn_1)XSn

Definition 2.10 (Subsemiring) Let (S,+,:) be a semiring. A subset U of S is

said to be a subsemiring of S if (U, +,-) is a semiring.

Proposition 2.11 Let U be a subset of S. Then U is a subsemiring of S if and
only if the following hold :

1. 0,1eU.
2.a+beU foralla,beU.

3. abeU foralla,beU.



Example 2.12 Let S be a semiring. Then P(S) = {s+1|s € S}U{0} is a subsemiring
of Ss. First, P(S) is a subset of S. The identities0 € P(S) and1 = 1+0 € P(S). P(S)
is closed under addition. Leta,b € P(S). Ifa=b =0, thena+b=0¢€ P(S). Ifa=0
andb # 0, then there existss; € S suchthatb = sy +1 and thusa+b =s1+1 € P(S).
Now ifa,b # 0, then there exist sy and sy such thata=sy+1 andb =s,+1 and
thusa+b = (s;+s,+1)+1 € P(S). Similarly, P(S) is closed under multiplication.
Leta,b € P(S). ifa =0 orb = 0 then multiplication is already defined to be 0. other
wise,a =s1+1 andb = s,+1. Sowe haveab = (s1+1)(sy+1) = (s15,+s1+s)+1 €

P(S).

Definition 2.13 (ideal) A left ideal of a semiring S is a subset I such that the
following hold :

1. ifa,bel thena+bel.

2. ifseS,xel thensxel.

Definition 2.14 IfS is a semiring and I, and 1, are ideal of the semiring then we

define addition and multiplication of the ideals as follows :
1. Il +IZ = {r+5|r S Il,S S Iz}
2. 1l ={rysy +---rysylri € Iy,s; € I;,n € N}

Proposition 2.15 Suppose 11,1, and I3 are ideals of a semiring S. Then the fol-
lowing holds.[9]

1. The sets I1 + I, and 111, are ideals of a semiring S.

2. 11 + (12 +I3) = (Il +12) +I3 and11(1213) = (1112)13.



3 L+L=0L+I and I, = L,I,.

4 Li(L+13) = L1, + 15

5 L+ =1, 1, +(0)=1,,;S = I,,1,(0) = (0) and I, + S = S.
6. if I, +1, = (0) then I, = I, = (0).

7. L, NI, and lfI] +1, = S, then LL=1LNI.

S

(I +L)(I; n1;) C L1 I,.

Example 2.16 let n be a fixed positive number. nIN = {ns|s € IN} is an ideal of

the semiring IN.

The above example is a special type of ideals called the principal ideal which

is defined as follows:

Definition 2.17 (Principal ideal) Let S be a semiring, x € S. Then, xS = {xsls €
S} is called a principal ideal and will be denoted by (x).

An ideal I of a semiring S is called a proper ideal if I = S.

Definition 2.18 (zero divisor) An elementz of a commutative semiring S is said

to be a zero divisor if there is an element s € S such that sa = 0.
Example 2.19 In the semiring IN x IN. (1,0).(0,1) = 0, so both are zero divisors.

Definition 2.20 (divisors) Let S be a semiring and let a,b € S. Then we say an
element a is a divisor of b if as = b for some element s € S. In that case, we also say

a divides b, denoted by alb.



Definition 2.21 (prime element) An element p of a semiring S is said to be

prime if whenever plab for some elements a,b € S then pla or p|b.

Definition 2.22 (Prime ideal) A prime ideal of a semiring S is an ideal I such

that whenever H and K are ideals of S and HK C I then H C I or K C I.

Remark 2.23 In a commutative semiring an ideal is prime iff xy € I implies that

xeloryel.
Example 2.24 3NN is a prime ideal in the semiring IN.

Definition 2.25 (Spectrum of a semiring [1]) Let S be a semiring. The set of
all prime ideals in S is called the spectrum of S. and is denoted by Spec(S). So
Spec(S) ={P C S|P is a prime ideal of S }.

We provide an example of an ideal of a semiring that is not a subtractive ideal.

But first we define idempotent elements.

Definition 2.26 ([1]) An element s of a semiring S is said to be additively idem-

potent if s+5 =s.

Definition 2.27 ([1]) An element s of a semiring S is said to be a multiplicative

idempotent if s.s =s.

Example 2.28 Consider the semiring S = {0,1,u} where u is a multiplicative
idempotent and u+1 = u = 1 +u. Let I = {0,u}, then I is an ideal but not a

subtractive ideal sincel+u=ue€l butl ¢ I.

We will also define the multiplicative idempotent ideal as follows:



Definition 2.29 ([1]) An ideall is said to be a multiplicative idempotent if 1> = I.
Simply, called an idempotent ideal.

Example 2.30 Take the ideal Z3y. And take the ideal I = 6Z3y. Then I is an

idempotent ideal.

Example 2.31 Any principal ideal pIN of IN where p is a prime is a subtractive
ideal.

Definition 2.32 (Radical) The radical of an ideal I of a semiring S is defined as

Rad(I) = {x € S| x™ € I for some positive integer n}.
Example 2.33 The radical of the ideal 41N is the ideal 2IN.

Definition 2.34 (Maximal ideal) Suppose S is a semiring. We say that an ideal
M is a maximal ideal of S if M C1 C S for some ideal I of S implies either M = I
orl =S§.

Example 2.35 Let S = Zg then 2/Zg is a maximal ideal, but 4Zg isn't.

Definition 2.36 ([10]) Let S be a set. An ordering (also called partial ordering)

of S is a relation defined on S (written <) such that:
1. s<sforallseSs.
2. Ifs; <s, and sy <'s; we have s; = s;.

3. IfSl < Sy and Sy < S3 we have 51 < S3.

Definition 2.37 A set S with and ordering on < on S is called an ordered set.
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Definition 2.38 (Totally ordered set [10]) A partially ordered set S is called a

totally ordered set if for any s1,s, € S we either have s| < s, orsy <sy.

Definition 2.39 Let S be an ordered set, and T a subset of S. An upper bound of
T (inS) is an element b € S such that x < b for all x € T. An upper bound u of T
is called a least upper bound of T if for any other upper bound b of T thenb < u.

Definition 2.40 A maximal element m € S is an element so that for any x € S: if

x < s thenx =s.

Definition 2.41 A nonempty ordered set S is inductively ordered if every non-

empty totally ordered subset has an upper bound.

Lemma 2.42 (Zorn’s lemma [10]) Let S be a non-empty inductively ordered set.

Then there exists a maximal element in S.

Zorn’s lemma is used to show that a chain of ideals has a maximal ideal. But,
more importantly, we show the following lemma :
next we will provide some results about prime and maximal ideals over com-

mutative semirings.

Remark 2.43 Any maximal ideal of a commutative semiring is a prime ideal.

However, the converse is not true.

Example 2.44 Consider the semiring S = IN. Then (0) is a prime ideal since S has

no zero divisors. This is an example of a prime ideal that is not maximal.

Proposition 2.45 [1] If S is a semiring and I is an ideal of S then the following

are equivalent :



11

1. I is a prime ideal of S.
2. Foranya,be S andabel thenaecl orbel.

3. Foranya,b € S such that (a)(b) C I then eitheracl orbel.

Example 2.46 Consider the semiring (IN,+,.). The ideal I = IN\{1} is a prime
ideal but the set I[x] of all polynomials with coefficients in I where x is an indeter-
minate is not prime ideal of IN[x] since (3 + x)(1 + 2x) = 3+ 7x + 2x? € I[x] while

neither 3 + x nor 1 + 2x belong to I|x].

Theorem 2.47 (Prime Avoidance Theorem for Semirings [11]) Let S be a
semiring, I an ideal, and P,(1 < i < n) be subtractive prime ideals of S. If I C

iy P then I C P; for some i.

Corollary 2.48 Let P,,---, P, be incomparable prime ideals of a semiring S. then
for each B;, P\\J_, P; is non-empty.

Definition 2.49 A nonempty subset W of a semiring S is said to be a multiplica-
tively closed set (for short an MC-set) if 1 € W and for all wi,w, € W, we have

wiw, €W,

Lemma 2.50 ([1]) The maximal elements of the set of all ideals disjoint from an

MC-set of a semiring are prime ideals.

Proof. Suppose S is a semiring and let M C S be an MC-set. Let ¥ be the
set of all ideals of S disjoint from M. If {I,} is a chain of ideals in ¥, then UI,
is also an ideal disjoint from M and also an upper bound for {I,}. Therefore

by Zorn’s Lemma, ¥ has a maximal element. Say P is a maximal element of o.
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We show that P is a prime ideal of S. Take two elements a, b that are not in P.
Then we can see that P C P + (a) and P C P + (b). This implies that P + (a) and
P + (b) are ideals of S that are not disjoint from M. So there exist m,m, € M
such that m; = py + xa and m2 = p, + yb for some p;,p, € P and x,y € S.
But mym, = p1p, + p1yb + poxa+ xyab. Now it is obvious that if ab € P, then
mym, € P, which contradicts the fact that P is disjoint from M. so we conclude

that ab ¢ P and P is indeed a prime ideal of S.
Lemma 2.51 ([1]) Any semiring S has at least one maximal ideal.
Lemma 2.52 ([1]) Any maximal ideal of a semiring S is a prime ideal.

Definition 2.53 (Primary ideal [1]) An ideal I of a commutative semiring S is
said to be primary iff whenever xy € S then either x € I ory™ € I for some positive

number n.
Remark 2.54 Any prime ideal is primary.

Example 2.55 A primary ideal is not necessarily prime. For example, let S = IN,

and 1 = (9). Then I is a primary ideal but not a prime ideal.

Remark 2.56 let [ be a primary ideal over a semiring S. Then Rad(I) is a prime
ideal.

Proof. Suppose I is a primary ideal of a semiring S. Let Rad(I) be the radical
of I. Let xy € Rad(I) and x ¢ Rad(I). Since (xy)" = x"y" € I for some positive
integer n. And since x" ¢ I (other wise x € Rad(I)), then there exists a positive

integer m such that (y")" =y™" € I. So y € Rad(I).
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Definition 2.57 (P-primary ideal) An ideal I of a commutative semiring S is

said to be P-primary if Rad(I) = P Where P is a prime ideal of S.

Definition 2.58 (divided prime ideal) A prime ideal P of a semiring S is said

to be a divided prime ideal if P C xS for some x € S.

Definition 2.59 (Semiring homomorphism) Let S and T be semirings. Then

a semiring homomorphism is a function f : S — T such that for alla,b € S
1. fla+b)=f(a)+ f(b).
2. f(ab)= f(a)f (b).
3. £(0)=0.
4 f(1)=1.

Example 2.60 ([1]) Given any semiring S there is a canonical semiring homo-

morphism defined as a : n — nlg.

Definition 2.61 ( ascending chain condition) A poset is said to satisfy the as-
cending chain condition if for every weakly increasing sequence iy < ip < --- there

exists a number n such that i, =i, =---.

Definition 2.62 (noetherian semiring) a semiring S is said to be noetherian iff

every chain of ascending ideals satisfies the ascending chain condition.

Definition 2.63 (semidomain) A semiring S is called a semidomain if S has no

zero divisors.
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3 Results

Definition 3.1 (n-absorbing ideal) An n-absorbing Ideal I of a semiring S is a
proper ideal I such that if xy,---,x,.1 €S and xy ---x,,41 € I then the product of n

of these elements is in I.

We can see here that a prime ideal is just a 1-absorbing ideal by definition.
So the concept of an n-absorbing ideal could be seen as a generalization to the

concept of prime ideals.

Example 3.2 Consider the semiring of non-negative integers IN with the usual
addition and multiplication. Then (2) is n-absorbing for all positive integers n. Let
X1+ Xp41 € (2) then the product is even and so one of the elements is must be even,

say x1, then any n product involving x; is going to be in (2).

The above example should suggest that a prime ideal is n-absorbing for all
positive integers n. this is shown in Theorem 3.5(b).

For an Ideal I of a semiring S we might want to address the natural number n
such that I is n-absorbing but not m-absorbing for all m < n (i.e the least number

such that I is n-absorbing). Badawi defines w(I) for that exact purpose.

Definition 3.3 Let S be a semiring and let I be a proper ideal of S. Then ws(I) =

min{n : I is an n-absorbing Ideal of S }.

Badawi provides an example of an ideal of a ring that is not n-absorbing for
any positive number 7.
Working in a semiring can be difficult without additive inverses. However

one can make use of k-ideals (Also known as subtractive ideals).
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Definition 3.4 (k-Ideals) AnlIdeall of a semiring S is called subtractive (k-ideal)
ifa+belandael implybel.

In this chapter we generalize the concept of n —absorbing ideals from com-

mutative rings to commutative semirings.
Theorem 3.5 Let S be semiring. The following holds:

(a) 1 is an n-absorbing ideal of S iff for any integer m > n, xy ---x,, € I implies

that there are n of these x; whose product is also in I.
(b) If1 is n-absorbing ideal then I is m-absorbing ideal for all m > n.

(c) IfI; isnj - absorbing ideal for 1 < j <i thenI =1y N---N1; is an n-absorbing

ideal forn =mny +---+mn;.

(d) Ifp1,---,p, are prime elements of a semidomain S then py --- p,,I is n-absorbing

ideal.
(e) If I is an n-absorbing ideal of S then Rad(I) is n-absorbing ideal .
Proof.

(a) Suppose that for any integer m > n, x; ---x,, € I implies that there are n of
these x; whose product is also in I. Then Taking m = n + 1, We get that
I is an n-absorbing ideal by definition.To show the converse is also true,
We show any n-absorbing is (n + 1)-absorbing. Let xy---x,,, € I this is
iff (x1---x,)(x,41%,42). Now the product of #n of these will be in S, either
(%X,41X,42) is among these elements or not. If it is not we are done, if it is,

n

then since S is commutative we have ([ [ x;)(x,,41X,42) € I. These are n+ 1
i#r
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(b)
(c)

terms, since I is n-absorbing n of them have their product in I. as desired. By

an induction argument we can show that it is m-absorbing for all m > n.
This follows from (a).

We first prove this for the intersection of two Ideals. Let I; and I, be n-
absorbing and m-absorbing ideals. and let x1 - - - x,,, ;41 € I; NI,. This implies
that n of these elements have their product in I;. Let N be the set containing
exactly these elements. Let M be the set containing the m elements whose
product are in I,. Now define U = M U N. Note that U will have at most
m+mn. Next note that [[ x € I; NI,. If this product has m+n unique elements
we are done. Else Wexcealrjl multiply by any elements not in U until the length
of the product is n+m. To show this works for the intersection of n ideals, let
the statement hold up to the intersection of k ideals. Let I1,---, I}, be ideals
where [; is nj —absorbing. Let I = Iy N -+~ N Ijq. But I = (I N+ Ix) N [y

and (I; N---NIy)is ny +--- + ni-absorbing. and so I must be 1y + -+ 14

absorbing.

Let x1,--+,x,,1 be elements of S such that xy:--x,,,; € p;---p,I. Then

P1---PnS = X1---X,41 for some s € I. Note that for each 1 <i < n we have

pi(I1pj)s = x1---x,11. This would imply that for each 1 <i < n we have
j=i

pilxy for some 1 < k < n+ 1. That there must exist a product of at most n

elements of xq,---,x,,,1 € I.

Let I is n-absorbing. Note that if x € Rad(I) then x" € I. Let x;---x,,1 €
Rad(I). Then we have x' ---x; | = (x1---X,41)" € [.and thus we have since

I is an n-absorbing ideal we might assume x7---xj; € I, in other words we

have x; ---x,, € Rad(I).
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Example 3.6 The converse of (b) is not true. In the semiring (IN,+,), let [ =<
4,5>. Thenl ={0,4,5,8,9,10,12,13,14,---} =IN\{1,2,3,6,7,11} isa 2-absorbing
ideal but not a prime ideal. We show I is two absorbing by contradiction. Let abc € 1
for some a,b,c € N and a,b,c = 1 (If one of them is 1 then the product of two is
in I). If no product of two elements is in I then ab, bc and ac € {1,2,3,6,7,11} So

ab = bc = ac = 6 which leads to c? = 6 a contradiction.

Some of the results from the previous theorem can be rephrased with the
w function. For instance (c) becomes : w(l{ N---N1,) < w(l})+ -+ w(I,), In
particular, if P; --- P, are prime ideals then w(P; N---N P,) < n. (e) becomes: if
w(I) < n then w(Rad(I)) < n.

now we want to give an example when the equality in (c) is strict, that is,
w(lNn---NI,) = w(;)+ -+ w(l,). Thatis we want w(P1 N P2) = 2. So
consider Zg. We have exactly two prime ideals in Zg and these are P; = {0, 3}
and P, = {0, 2, 4}. Note that P, N P, = {0} which is not prime since 2 *3 = 0. But
the zero ideal will be 2-absorbing since 2 and 3 are zero divisors.

More generally, equality in part (c) is met when Py, ---, P, are incomparable

prime ideals.

Remark 3.7 Let Py,---, P, be incomparable prime ideals then w(P; N---NP,) =
w(Py)+ -+ w(P,).

To show that, take x; € P\ | j=i Pj 1.e we want to take an element from each
prime ideal that only belongs to that prime ideal (Such choice is possible by corol-
lary 3.7) . then x; ---x,, € P, N---N P, but no proper sub product of x1,---,x,, is

in Py N---N B, (otherwise, this would imply x; € P; and i # j which contradicts
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the choice of x;’s). this would imply that w(P; N--- N P,) > n and so there is a

strict equality.

Definition 3.8 (minimal prime ideal over I) Let S be a semiring and let I be
an ideal of S. We say that a prime ideal P is minimal over1 if P is minimal among

all prime ideals containing L.

For the next theorem, if S is a semiring we let Ming(I) Denote the set of

prime ideals minimal over S.

Theorem 3.9 IfI is an n-absorbing ideal of a semiring S. Then there are at most

n k-prime ideals minimal over S. Moreover |Ming(I)| < w(I).

Proof. If n = 1 then the result trivially holds since I itself is a prime. So we
may assume n > 2. Let Pj,---, P, be distinct minimal prime k-ideals over I.

Then for each 1 < i < n we can choose x; € P,\((J P;) U P,,1). we can choose
k#i

for each P, a ¢; € S — P, such that Cix?i € I for some n; > 1. Since [ C P, 4

n—1

is an n-absorbing k-ideal we get that ¢;x;" € I (otherwise we get x!' € I C

P,,1 = x;€P,q)foralll <i<n. andso (c; + ---C,-)x’f_1 .x," 1 eI Since

x; € P.— (U P) and cix?_l el CPN---NP,. Wehave thatc; € ([ P)— P, (
k=i ki
To see this note that if ¢; () P;) — P; that would imply x; € P, i # k which is a

k=i
contradiction to the choice of x;). Now since Each P; is assumed to be a k-ideal

we can conclude that ¢; +---+¢, € P;,1 < i < n. Otherwise, since ) ¢ € P,
ki

this would imply c¢; € P,.Hence we have (¢; +---+¢,) [[xx € P, for 1 <i<mn
k=i
and so (cq + -+ ¢,) [ xx € I. The preceding argument shows that x;---x,, €

k=i
P, 1 (Since I is n-absorbing). But is should imply that x; € P,.; for some i and

thus a contradiction. The moreover statement is self evident.
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Example 3.10 Asin [8] We want to give examples of an ideal I of a semiring that
is not a ring with the following property, I is n-absorbing but not n — 1-absorbing,
and for m < n we want exactly m minimal ideals over I. First the ideal 8N is 3-
absorbing but not 2-absorbing since 2.2.2 € 8IN but 4 ¢ IN. 8IN has exactly one
minimal prime ideal over it, that is 2IN. Another example is 12IN which is also 3-
absorbing but not 2-absorbing and has exactly 2 minimal prime ideals over it, that
is 2IN and 3IN. finally we have 42IN which is also 3-absorbing but not 2-absorbing
and has 2N, 3IN and 7IN minimal over it.

Remark 3.11 The following property of comaximal ideals holds in semirings just

n n
like in rings: If {I},_, is a set of comaximal prime ideals then () I; = [] I. [9]
i=1 i=1

Proof. First We show if I;,I, are comaximal then Iy NI, = I;I,. This is
straightforward since I} NI, = (I} N L)(I; +I;) € LI, € I} N 1,. Let {I};_,
be a set of comaximal Ideals. Define | to be the intersection of the first n — 1
ideals. that is, define | = nhl I;.. We will show that | and I,, are comaximal. We
show that by contradictiol;% Suppose J, I, are not comaximal.Then | + I, is a
proper ideal of S and a result contained in a maximal ideal m of S. this means
that J is contained in m which implies that [ C m for some 1 < k < (n—1).
We now get that I + I, C m, this contradicts the assumption that {I;};_, is a

set of comaximal ideals. So J and I,, are comaximal and ] N [,, = J N I,,. Using

n n
mathematical induction, () Iy = [] I is proved.
k=1 k=1

Theorem 3.12 If P;,---, P, are comaximal prime ideals over a semiring S then

I =P, ...P, is n-absorbing. Moreover, w(I) = n.

Proof. Note that I = P;---P, = P, N--- N P, by the above remark. and By
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Theorem 1.9 we have that I is n-absorbing. The moreover statement follows
from remark theorem 3.7 since they are incomparable.
In general the product of n prime ideals is not n-absorbing. Badawi provides

some examples which we mention some of here:

Example 3.13 let R = Z[X,Y,Z]. Let P, = (2,X), P, = (2,Y) and P5(2,2).
These are incomparable prime ideals (but non maximal). The product ] = P, P,P; =
(2,4X,4Y,47,2XY,2XZ,2YZ,XY Z) is not 3-absorbing. To show that take x| =
2,x=X+Y+2,x3=X+Z+2andxy, =Y +2Z+2. thenx;x,xX3x4 =16+16X +
4X? +16Y + 12XY +2X°Y +4Y? + 2XY? + 16Z + 12XZ + 2X?Z +12YZ +
AXYZ +2Y?Z +47Z% + 2XZ? + 2YZ?. This is clearly in I since 2 € I and the
above can me written as 2x where x € Z|X,Y,Z]. We claim that no other product
of 3 elements is in Z.

To show this let’s examine the possible 3 products which are x1x,x4, X1X7X3,
X1X3x4 and x3x,x4. We list the polynomials here without a specific order and show

that each of them is not in I.

1. 8+8X +2X%2+4Y +2XY +4Z +2XZ +2YZ:

suppose that 8 + 8X + 2X? +4Y + 2XY +4Z + 2XZ +2Y Z € 1. this would

imply that 2X? € I which is not the case.

2 2XY +2XZ +4X +2Y?2+2YZ +8Y +47Z + 8:

if this is in I this would make a contradiction, since 2Y2 e,

3. 2XY +2XZ +4X +2YZ +4Y + 272 +87Z + 8:

same as above.
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4 8+8X+2X2+8Y +6XY+X2Y +2Y2+XY?+8Z+6XZ+X*Z+6YZ +
2XYZ +X2Z +272+XZ?*+YZ?%:

if this is in I this would imply that 2X? + 2Y? + XY? + X?Z + 2Z% +
XZ?+YZ? €I which again isn’tinl so YZ? + XY? + XZ? + X?Z €1
Which is a contradiction since this can’t be factorized as a sum of elements

in {2,4X,4Y,4Z,2XY,2XZ,2YZ, XY Z)}.

We also want to give an example where w(I]) < w(I)+ w(J). This can be

shown with an example:

Example 3.14 Let I be an Idempotent prime ideal and let ] = 1. In this case,
w(I]) = w(I?) = w(I) < o)+ w(]).

Proposition 3.15 ([9]) Let S be a semiring and I, | be ideals of S. Then the fol-

lowing statements hold:
1. Rad(I) C Rad(I) and Rad(I) = Rad(Rad(I)).
2. Rad(IJ) = Rad(INJ) = Rad(I) N Rad(]).
3. Rad(I)=S iff [ =S.

4. Rad(I+])= Rad(I)+ Rad(]).

Lemma 3.16 Suppose I,] are two distinct maximal ideals in a semiring S, Then

I"+]m=8.

Proof. Given I, ] ideals of S such that I+] = S then Rad(J"+1") = Rad(Rad (]")+
Rad(I")) =Rad(I +])=Rad(S)=S.But Rad(J"+1")=S iff ]+ 1" = S.
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Lemma 3.17 Let M be a maximal ideal in a semiring S. Then for any element

xeM, (M" x)=S.

Proof. Note that Rad(M" + (x)) = Rad(Rad(M") + Rad(x)) = Rad(M) +
Rad((x)) = M+Rad((x)) and since M C M+Rad((x)) we conclude that Rad(M"+
(x))=S.

Lemma 3.18 Let M be a maximal ideal of a semiring S and n a positive integer.
Then M" is an n-absorbing ideal of S. Moreover, w(I) < n and w(I) = n if M™!
M".

proof. Let xy ---x,,,1 € M". If x1,--+,x,,,1 € M then we are done. So suppose
at least one element, say, x,,,; € M. By the lemma above we have (M",x,,,1) = S.
that is, m + sx,,; = 1 where m € M and s € S. So xy-:--x,, = (x7:--x,)1 =
(1 x,) (M +5x,41) = (X1 ... %)M+ (X1 -+ X41) € M". So M" is n-absorbing.
The first part of the moreover statement is trivial. To show the second part is true
We want to show that M" is not (n — 1)-absorbing. suppose that M1 ¢ M"
and that M" is (n — 1)-absorbing. Then it’s possible to choose x,---,x,, € M
such that x;---x, € M"\M"™1. M" is n-absorbing so that we have a product
of n— 1 of the x;’s M". But this would imply that x; ---x,, € M"*! which is a
contradiction to our previous assumption. So combining this with the fact that

M?" is n-absorbing we conclude that w(M") = n.

Theorem 3.19 LetM;,--- M, be maximal ideals of a semiring S thenl = M, ---M,,

is an n-absorbing ideal of S. Moreover w(I) < n.

Proof. We can show the following holds. Let My, - -+, M,,, be distinct maximal

ideals of a semiring S. Let 1y + -+ + 1, = n. Then defining I = M --- M,," we
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My

note that M?i is n; absorbing (Previous lemma). so I = Mfl <Myt = Mfl o My,
and by theorem 1.18(c) It follows that I is n-absorbing.

The moreover statement is clear.

Lemma 3.20 LetPy,---, P, be incomparable prime ideals in a semiring S. Let I be

an n-absorbing ideal contained in the intersection of these ideals. Ifx;”1 cexptel

where m;’s are positive integers and x; € P, — | J P, then x1---x, € L.
k#i

Proof: Since I is assumed to be n-absorbing we must have xlfl ---xﬁ” e I With
ki+---+k, =n.If any k; = 0, say k; we have that xl; ---x,’;” €I C P;. And since

P, was chosen prime, this implies x; € P;,1 # 1, a contradiction.

Lemma 3.21 Let I be an n-absorbing k-ideal with n > 2. Suppose I has exactly n

minimal prime k-ideals over it, say Py,---,D,. Let ¢; € P, =\ J P; for 1 <i < n then
j=i
Pj l—[ c; € I.

i#]

Proof. First suppose a; € P; — E:JPZ Then since Rad(I) is in the intersection
1#]
of all prime ideals over I and using Theorem 1 e and the previous lemma we

have a; [] ¢; € I. Now suppose that a € P, N (U B;). Now let d € (P; — [J ;). We
wish to l:}]loose an element b such that a + bd?(Pj - UR) Let F = {mlliaje P; for
l<m<mn}andletD ={mlag P, for 1 <m <n, ml:t]j}. If F =0 choose b =1.
Otherwise, let b = [] cx. Now since bd € P, for all m € F and a ¢ P,, for every
m e F, We conclud]z:el(:bd +a) ¢ P, for every m € F(Since Every P, is a k-ideal).
And since a € P, for every m € D and bd ¢ P,, for all m € D, We get (bd +a) ¢ P,

for all m € D(Since P,, is a k-deal). And since our choice of d,a ensures they are in

P; we conclude that bd +a € P;— (| P;). Let x = bd +a. As in the first part of this

i#]
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proof x[[c; €I and d []c; € I. Now since ([[ cx)(d[]c;)+allc;=x[]c; €l.

i#] i#] keF i#] i#] i#]
We can conclude, since [ is a k-ideal, that a [ c; € I.
i#]

Corollary 3.22 For n > 2, Let P;,---,P, be incomparable prime k-ideals of a

semiring S. Let a € P; for some 1 < j < n. Then there is an element d € P; — | P;
i#j
and b € S such that (bd +a) € P; — | P.

i#]

Theorem 3.23 Let I be an n-absorbing k-ideal of a semiring S such that I has n

minimal prime k-ideals, say P;,---,P,. Then P, --- P, C I. Moreover w(I) = n.

Proof. Choose a; € P; for 1 <i < n. Now for any choice of ¢; € P;\(PLU [ P})
j=i
we get a; [[ c¢; € I by the previous lemma. Now we want to use induction.
2<i<n
Suppose that for some k, 1 < k < n—1 we have (ay---ar) [] ¢ €1 for
k+1<i<n
any choice of ¢; € B\(Py U |JP;) Where k+1 < i < n. We will show that
j=i
(ap---axs1) Il ¢ €Iforanychoiceofc; € P\(PUUJ P;). wherek+2 <i <n.
k+2<i<n j=i
By the previous corollary we may dy,1 € Pry1\ Ujuxi1 P and bri g € S such

that by, 1dis1 + age1 € Pey1\ Ujarer P Choose cxyy = briidpyr + aggr. By

the assumption above we have (a;---ar) [] ¢ = (ay-ap)cer [ ¢ =

k+1<i<n k+2<i<n
(bks1ay - ardiq) Tl ci+(ay---ararr) T ci) el
k+2<i<n k+2<i<n

Now by (ay -+ ag)dis1 [ 1(k+2)<i<n €i € I by assumption (by the choice of dj,1).
and since I is a k-ideal it follows that (a1 -+ ay1)[{(x12)<i<n ¢i € I. To prove the
statement of the theorem, setk = n—1and ¢, = b,d,,+a, then (a;---a,_1(c,) €1
again applying the same argument we get (a; ---a,,) € I. thatis P, --- P, C I, Since

each a; was chosen arbitrarily from P;.
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To show w(I) = n, choose x; € P;\ mj;ci P

Now x;---x, € I by above (P;... P, C
I). Suppose a product of n —1 of the x;’s is in I, say, x,---x,, € I C Py, then this
would imply x; € P, where 2 < n which contradicts the choice of x;’s. So we
have w(I) = n.

Corollary : Let I be an n-absorbing k-ideal of a semiring S such that I has
exactly n minimal prime ideals, say P;,---P,. If the P,’s are comaximal, then
I=P---P,

Proof. This follows from the fact that P, --- P, C I C P, N---NP, from previous

theorem. And since Pj,---P, are comaximal we have P, N---NP, = P;---P,

(Remark 4.6). We now have P, ---P, CI CP;---P,and thus =P, ---P,.

Theorem 3.24 Suppose that P is a prime ideal of a semiring S. Let I be a P-
primary ideal of S such that P" C I for some natural number n. Then I is an
n-absorbing ideal of S. Moreover, w(I) < n In particular if P"* is P-primary ideal
of S then it is n-absorbing with w(P") < n. IfP"*! C P" then w(P") = n

Proof. Let xy---x,,1 € I. If any of the x;’s is not in P then, since I is P —
primary, we conclude that the product of the others is in I and we are done. If
all of the x;’s are in P then by the assumption that P" C I we have x;---x, € I
(any product of n of x; is in I). The proof of the moreover statement follows as
in lemma 4.12.

An example of a prime ideal P such that P? is 2-absorbing but P? is not
primary is given in [3]. We list it here but before we show a theorem from the

same paper without it’s proof:

Theorem 3.25 Suppose that I is an ideal of R such that I # Rad(I) and Rad(I)

is a prime ideal of R. Then the following statements are equivalent:
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1. I is a 2-absorbing ideal of R.

2. By ={x € R: yx €l}is aprime ideal of R for each x € Rad(I)\I.

Example 3.26 LetR = Z+3XZ[X]. and let P = 3XZ[X]. Then P? = 9X?Z[X].
Note that 3(3x?) € P?. and since 3 ¢ P? and 3x? ¢ P? and neither is (3x%)" or 3"

or any n > 1, we can say that P? is not a primary ideal.
y y p y

Theorem 3.27 Let P be a divided prime ideal of a semiring S. And let I be an
n-absorbing ideal of S such that Rad(I) = P. Then I is P-primary.

Proof. To show this is primary Let xy € I with x,y € S and y € P. Now
P C »"1S since P is a divided ideal in S and "' & P we have that x = y""!z.
Note that zy" = xy € I. And since I is n-absorbing and y" & I (Otherwise y € P
by definition of the radical). We conclude that xy"~! € I. Hence I is a P-primary
ideal of S.

For an ideal I of a semiring S define I, = {y € S|xy € I} = (I :; S). This is

usually called an ideal quotient.

Theorem 3.28 Let I be an n-absorbing ideal of a semiring S. Then I, = (I :5 y)
is also an n-absorbing ideal of the semiring S forally & I.

Proof : Suppose that I is an n-absorbing ideal S. and let x1---x,,41 € I, for
X1, Xpe1- Then, pxq -+ x,01 = (¥x1)Xp X1 € 1. If x5+ x, + 1 we are done.
So assume not. We must have y timesn—1 of the xs , 2 < i < n. say, without loss
of generality, yxi---x,_1. and so by definition of I, xy------ Xu_1 € I as desired.

So I, is an n-absorbing ideal of S. The moreover statement is clear.
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Theorem 3.29 Letn > 2 and I C Rad(S) be an n-absorbing k-ideal of a semiring
S. Suppose that x € Rad(I)\I, and let m > 2 be the least positive integer such that

x™el. Then w1 = (I :g x™ 1) isan n—m+ 1 absorbing ideal of S containingI.

Proof. Suppose that x;---x,,_,;,12» € Lim-1 for xq,-++,%,_,40 € S. By defi-

m—1

nition of I,m-1 we have x™ " x;---x,_,,4,1 € I. Since I is n-absorbing, either

m—2

x"72x -+ Xp_me1 € I or x™2 multiplied by a combination of n—m1+2 elements of

m—2

the x;’s. If the later holds then we are done. So assume that x"~“x; ---x,,_,,41 € I.

m—2

Since we assumed x" € I. We now have x(x" " “x7 -+ X,_,42) € [and X" (x1 -+ X,,_42) €

m—2

I and so we have the xx"™“x7 -+ - x,,_,,01 (X,_m42+X) € I. again, using the fact that

I is n-absorbing and the fact that a product of x”~! and n-m+1 of the elements

m—2

is not in I, we have x" “xq -+ X,,_ 41 (X—me2 + X) € I. Since I is a k-ideal and

m—2 m—1

X" x1 - Xy mao € I we conclude x"™ " xq -+ - x,,_,,»1 Which is a contradiction as

we assumed no product of n—m + 1 of the x;’s.

Corollary 3.30 IfI is an n-absorbing ideal of a semiring S. Let x € Rad(I)\I and

suppose that n is the least element such that x" € I then L. = (I :g x™ 1)

ideal in I.

is a prime

Proof. By the above theorem we know that I,» is (n — 1 + 1)-absorbing i.e it

is 1-absorbing and thus a prime ideal containing Rad().

Corollary 3.31 Letn > 2 and I be an n-absorbing P-primary ideal of a semiring
S for some prime ideal P of S. If x € Rad(I)\I and n is the least positive integer

such that x" € I, then In1 = (I :g x 1) = P.

proof. By the previous corollary, we have P = Rad(I) C I,~-1. To show that
L1 C P choosey € L1 soyx! € 1. since x"~! & I then, since I is P-primary,

y € P. So this concludes I ;-1 € P.
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Theorem 3.32 Letn > 2 andI C Rad(I) be be an n-absorbing ideal of a semiring
S such that I has exactly n minimal prime ideals, say Py, ..., P, Suppose that x €
Rad(I)\I. And let m > 2 be the least positive integer such that x™ € I Then every

product of n —m+ 1 of the ideals P,,--- , P, is contained in Iym_; = (I :g x™71).

Proof. First we show that m < n. Suppose not, let m > n be the least positive
integer satisfying x™ € I. then since I is n-absorbing we must conclude that
x" € I which contradicts the minimality of m. So we must have n —m+1 > 1.
Let F ={Qq,---,Q,-1} € G={P,, -+, P,} and let D = G\ F. This way D contains
exactly n—m+1 copies of the P/s. If x € Rad(I)\I then x € Q for all Q € F. This
holds since the radical is the intersection of prime ideals over I. From this we

m—1
have x"~! € [] Q;. By previous theorem, we have [| Q; [ P,=P,---P,C1.
i=1 QieF  PeG

So x™~1 [] P, C 1. So we conclude [] P; C I as desired.

PeF PeF
Theorem 3.33 Letn > 2 and I C Rad(I) be be an n-absorbing ideal of a semiring
S such that 1 has exactly n minimal prime ideals, say Py,..., P, Suppose that x €

Rad(I)\I. Then every product of n — 1 of the ideals Py,---, P, is contained in I, =

(I 'S X).

Proof. From the above theorem, we either have x? € I with 2 being the least
positive number m such that x™ € I, in which case we have that every product
of n—2+1 =n-1 of theideals P, ---, P, is contained in I, = (I :g x). Otherwise,
we can do a similar proof of the above theorem.

In this section we explore which of the results in Badawi concerning the ring
theoretic constructions. And the first we might ask is whether the preimage of an
ideal of a semiring is also an ideal. To state the question with more formality: Let

f :S — T be a semiring homomorphism and let ] be an ideal of T. Is f~!(J) an
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ideal. The answer is yes. To show so suppose that x,y € f~!(J). Then f(x), f (v) €
J and so f(x)+ f(y) = f(x+y) € ] and thus x +y € f~1(]). Based on this we

have the following result:

Theorem 3.34 Let S and T be semirings and let | be an n-absorbing ideal of T.
Let f : S — T be a semiring homomorphism then I = f~1(]) is an n-absorbing
ideal of S. Moreover, wr(f~(J)) < wr(]).

Proof. Let xq---x,,.1 € I where xy,---,x,,,1 €S. then f(x1:--x,,1) € J. And so
f(x1) - f(x,41) € J. And since ] is n-absorbing we conclude the product of n
of them, say without loss of generality f(x;)--- f(x,) € J and so f(x;---x,) €]
thus x; ---x,, € f~1(J).

The moreover statement is clear.

Theorem 3.35 Let S| and S, be semirings. And let I be an n-absorbing ideal of
S1 and I, be an m-absorbing ideal of S,. Then I x I, is an m + n absorbing ideal

of §1 X Sy. Moreover, ws, s, (I} X I) = wg, (I1) + ws, (I5).

Proof. Suppose that zy---z,,,,,,1 € I X I and note that each z; = (x;,7;)
where x; € I} and y; € I. Now 21+ Zppy i1 = (X1 Xpgms 1, V1 Vmane1 € 11 X
I;). Hence x1 -+ X,.me1 € I1 and 19,111 € Ip. but since I; and I, are n-
absorbing and m-absorbing respectively. We conclude that n of the x/s have
their product in Iy (say x;, ---x; ) and m of the y;’s have their product in I, (say
Yk, *** Vk,,)- Now assuming K = {iy, -+ .i,,} U {ky -k, }

then [ [cx (Xk, vx) € I; x I (the proof is valid even though K might have less
than n+m elements by theorem 1).

We now show the moreover statement is correct:
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Corollary 3.36 LetSy,--,S, besemirings and let I be an ideal of Sy for1 <k <

n. Then If I is my-absorbing then Iy x --- x I, is (mq + --- + m,, )-absorbing.

Proof. Suppose that this holds for n = [. we show it holds for n =1+ 1. If
S1,:++S141 are semirings with corresponding Ideals I;,---,I;,;. Note that I; x
---x Ij is an (nq + - -+ + n;)-absorbing ideal of Sy X --- x §; by assumption and by
previous theorem we have (I x---x ;) x I}, to be an (1] +--- + n;,1)-absorbing

ideal of the semiring S; x -+ x S, 1.
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4 Conclusion

In this thesis we recalled some of the algebraic structures in semiring theory and
gave some examples related to it. We studied the concept of n-absorbing ideals
in commutative semirings and illustrated it with many examples and introduced
some propositions. As well as generalizing some of the results that don’t hold
for normal ideals to subtractive ideals. Most of the work presented in this thesis

is a generalization to the work done by Badawi and Anderson.

5 Future Work

In the future, we wish to study the results to some specific types of semirings as
well as prufer domains. It is possible to also consider to generalize some results

that require some workarounds.



32

References

[1] J.S. Golan. Semirings and their applications. 1999.

[2] M. Henriksen. “Ideals in Semirings with Commutative Addition”. In: No-
tices of the American Mathematical Society 6 (1958), p. 321.

[3] Ayman Badawi. “On 2-absorbing ideals of commutative rings”. In: Bulletin
of the Australian Mathematical Society 75 (2007), pp. 417-429.

[4] Darani. “On 2-absorbing and weakly 2-absorbing ideals of commutative
semirings”. In: Kyungpook Mathematics Journal (2012).

[5] A.Badawi. “2-absorbing ideals in semirings”. In: International Journal of
Algebra (2012).

[6] M. Saleh and L. Sawalmeh. “On 2-absorbing ideals of commutative semir-
ings”. In: Journal of Algebra and Its Applications Vol. 22, No. 03, 2350063
(2023).

[7] I Murraand M. Saleh. “On Weakly 1-Absorbing Primary Ideals of Commu-
tative Semirings”. In: Communications in Advanced Mathematical Sciences
(2022).

[8] D.Andersonand A. Badawi. “On n-Absorbing Ideals of Commutative Rings”.
In: Communications in Algebra 39 (Oct. 2011), pp. 1646-1672.

[9] P. Nasehpour. “Some remarks on ideals of commutative semirings”. In:
Quasigroups and Related Systems 26 (2018), pp. 281-298.

[10] S.Lang. Algebra. Springer New York, NY, 1993.



33

[11] A.]. Hetzel and R. V. Lewis Lufi. “On the Relationship between Zero-
sums and Zero-divisors of Semirings”. In: Kyungpook Mathematical Jour-

nal (2009).



